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Abstract. We are interested in computing the spectral measure of Laplacean
operators in Paley-Wiener space, the Hilbert space of all square integrable
functions having Fourier transforms supported in a compact set K, the clo-
sure of an open bounded set in RN . I is well-known that every differential
operator is bounded in this space. Among others, we will prove that the
spectrum of Laplace operator is the set
{−|x|2 : x ∈ K}.
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1. Introduction
Let K0 be a bounded open set in R
N . Let K be the closure of K0. Then K
is a compact set. Let H be the Hilbert space of all f ∈ L2(RN) such that
the Fourier transform fˆ of f is supported in K. Let ∆ denote the Laplace
operator in RN . Then ∆ generates a contraction C0-semigroup in L
2(RN)
and
et∆f(x) =
1
(4πt)N/2
∫
RN
exp
(
−
|x− y|2
4t
)
f(y)dy,
for every f ∈ L2(RN). (See [2,3,4].) On the other hand, ∆ is bounded and
self-adjoint operator on H, so
et∆f(x) =
∞∑
k=0
tk
k!
∆kf(x),
for every f ∈ H. Let ρ(∆) denote the resolvent set of ∆ over H and let
R(λ,∆) :=
(
λ −∆
)
−1
denote the resolvent operator. By Hille-Yosida theo-
rem, (0,∞) ⊂ ρ(∆) and
||R(λ,∆)|| 6
1
λ
for all λ > 0.
Moreover,
R(λ,∆) =
1
λ
∞∑
k=0
∆k
λk
=
∞∑
k=0
(µ− λ)kR(µ,∆)k+1 (for 0 < λ < µ)
=
∫
∞
0
e−λtet∆dt.
(1.1)
Let
σ(∆) := C \ ρ(∆)
denote the spectrum of ∆ overH. Then, by a well-known theorem of Gelfand,
σ(∆) is non-empty compact set of the complex plane C. Let
r(∆) := sup
{
|z| : z ∈ σ(∆)
}
2
denote the spectral radius of ∆ over H. Then
r(∆) = lim
n→∞
||∆n||1/n.
Let
fˆ(x) =
1
(2π)N/2
∫
RN
e−ix·yf(y)dy
denote the Fourier transform of f ∈ L1(RN). Classical Fourier Analysis will
give that
∆̂f(x) = −|x|2fˆ(x),
and consequently,
||∆|| = sup
x∈K
|x|2 = r(∆) =: R.
Theorem 1. We have
σ(∆) = {−|x|2 : x ∈ K}.
Proof: First, ∆ is self-adjoint, so σ(∆) ⊂ R. But the resolvent set of ∆ is
containing the positive semi-axis, so σ(∆) ⊂ (−∞, 0]. On the other hand,
the spectral radius of ∆ is R, so σ(∆) ⊆ [−R, 0]. But ∆ has no eigenvector in
H, so ∆ has approximate point spectrum only. This means that −λ ∈ σ(∆)
if and only if there is a sequence f1, f2, · · · of unit vectors of H such that
lim
n→∞
||∆fn + λfn|| = 0
(see [1] page 64, for details). We will prove that if λ = |x|2 for some x ∈ K,
there is a sequence f1, f2, · · · of unit vectors of H such that
lim
n→∞
||∆fn + λfn|| = 0.
Indeed, let x0 be an interior point of K and λ = |x0|
2. For n large enough,
the ball Bn centered at x0 with radius 1/n is contained in K. Let ϕn =: fˆn
be a unit vector of L2(RN) supported in Bn which is constant in this ball.
Then, fn is a unit vector of H, and
||∆fn + λfn||
2 = ||∆̂fn + λfˆn||
2 =
∫
Bn
(
|x0|
2 − |x|2
)2
|ϕn(x)|
2dx
6
1
n2
·
(
2|x0|+
1
n
)2
,
3
which is certainly tends to 0 as n → ∞. Similar proof will hold, if x0 is a
boundary point. Therefore,
{−|x|2 : x ∈ K} ⊆ σ(∆).
Conversely, let −λ ∈ σ(∆). Let f0, f1, · · · of unit vectors of H such that
lim
n→∞
||∆fn + λfn|| = 0.
Let ϕn = fˆn. We have
||∆fn + λfn||
2 = ||∆̂fn + λfˆn||
2 =
∫
K
(
λ− |x|2
)2
|ϕn(x)|
2dx ≥ δ,
where δ = minx∈K
(
λ − |x|2
)2
= (λ − |x0|
2)2 for some x0 ∈ K. But ||∆fn +
λfn|| → 0 as n→∞, so δ = 0, and consequently, λ = |x0|
2 for some x0 ∈ K.
The proof is now complete.
Remark. The assumption that K is the closure of an open set is very
essential. If K has an isolated point or a cluster point, the assertion of this
Theorem does not hold!
2. Moments of Spectral Measures
Let H0 = −∆. Then H0 is bounded, positive and self-adjoint operator of H,
because
〈∆f, f〉 = −
∫
RN
∣∣∇f(x)∣∣2dx 6 0 for all f ∈ H.
Consider the spectral decomposition of ∆:
∆ =
∫
σ(∆)
λdEλ.
Let µ denote the spectral measure of ∆ with respect with some function
v ∈ H with ||v|| = 1. Then µ is probability measure supported in [−R, 0]
and
〈R(λ,∆)v, v〉 =
∫
σ(∆)
dµ(x)
λ− x
4
and
〈eit∆v, v〉 =
∫
σ(∆)
eitxdµ(x).
Let {p0, p1, p2, · · · } be the system of orthonormal polynomials with respect
to µ. Then there are two sequences {a0, a1, a2 · · · } and {b0, b1, b2 · · · } such
that
xpn(x) = an−1pn−1(x) + bnpn(x) + anpn+1(x) for all n = 1, 2, · · · .
Let A be a tridiagonal Jacobi matrix with the main diagonal {b0, b1, b2 · · · }
and two other diagonals {a0, a1, a2 · · · }:
A =


b0 a0 0 0 · · ·
a0 b1 a1 0 · · ·
0 a1 b2 a2 · · ·
0 0 a2 b3 · · ·
...
...
...
...
. . .


Let e0 = (1, 0, 0, · · · ) be the first vector in ℓ
2(N0). Then A as a bounded
linear operator in ℓ2(N0) will have µ as spectral measure with respect to e0,
i.e.,
〈eitAe0, e0〉 =
∫
σ(∆)
eitxdµ(x).
Hence, ∆ and A are spectrally equivalent. Since ∆ has no eigenvalue, so
∞∑
n=0
| pn(x) |
2=∞ for all x ∈ C.
It is well known that the measure µ is absolutely continuous, i.e. dµ(ξ) =
ϕ(ξ)dξ, where ϕ(ξ) > 0 on σ(∆). If K is the closed unit ball of RN and
v(x) =
1
(2π)N/2
√
|K|
∫
K
e−ix·ydy,
then σ(∆) = [−1, 0] and∫ 0
−1
ξkϕ(ξ)dξ = (−1)k
N
N + 2k
, for k = 0, 1, 2, · · · .
5
Hence, ϕ(ξ) = N
2
|ξ|
N
2
−1 is the density of the spectral measure.
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